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Evaluation of Schaefer's production model
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ABSTRACT
Schaefer's production model is one of the most widely used surplus production
models employed in fish stock assessment. This model leads to estimation of
the management reference points, namely, the Maximum Sustainable Yield
(MSY) and the corresponding optimal fishing effort (fMSY). In this paper, the
performance of the process error estimators of the parameters of the two non-
equilibrium formulations of the Schaefer's production model in the presence of
different magnitudes of the observation and process errors are investigated.
The choice of the appropriate formulation vis-a-vis the estimates of the param-
eters and the management reference points is also discussed.

Introduction

In fish stock assessment, the dynam-
ics of the exploited fish populations is
studied by application of micro and macro
production models. The micro models (the
age structured or size structured models)
take into account the individual param-
eters that govern the dynamics of the
stock, namely, growth, recruitment, mor-
tality (natural and fishing) and age at
first capture. Thus, these are data inten-
sive and require a lot of inputs. From this,
models are then formulated to relate the
yield from the stock as a function of these
parameters taken either singly or in com-
bination with each other. From such a
functional relationship appropriate man-
agement options are estimated. Macro
production models (such as Schaefer sur-
plus production model) deal only with
interrelationship of the observable inputs
(fishing effort) with the observable out-
puts (yeild or catch). These models have
modest data requirements. The input
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data for these models are a time series of
catch and effort from the fishery.

Schaefer's surplus production model
and its extensions mainly dominated re-
search in production models for fisher-
ies. Investigations were mainly devoted
to (1) model formulation (2) parameter
estimation (3) extension to multispecies/
multifleet fisheries and (4) introduction
of environmental variables (Schaefer
1954, 1957; Pella and Tomlinson, 1969;
Fox, 1970; Schnute, 1977, Pope, 1980;
Uhler, 1980; Gulland, 1983; Roff, 1983;
Alagaraja, 1984; Tsoa et al., 1985; Ludwig
and Walters, 1989; Srinath, 1992;
Polachek et al., 1993; Prager, 1994; Laloe,
1995). In this paper the two aspects,
namely, the model formulation and pa-
rameter estimation are investigated. The
choice of appropriate model and estima-
tors of the  parameters in the presence of
process and observation error are ex-
plored. The consequent implications on
the management reference points are
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also examined.

Model formulation and parameter
estimation

The surplus production models, also
known as biomass dynamic models, as-
sume that the changes in fish population
are caused by the interaction of four com-
peting factors, namely, recruitment,
growth, reproduction and mortality. The
fundamental assumption is that the ef-
fects of the three factors, namely, growth,
natural mortality and reproduction can
be incorporated into a single function and
that this is function of stock size only. The
change in stock size from one year to the
next is thus assumed to be the difference
between the biomass dynamic and the
catch by the fishery. The simplest pro-
duction model suggested by Schaefer
(op.cit.) describes the rate of change in
biomass in relation to the biomass and
in the absence of fishery it is assumed
that

DB/dt = rB - (r/K)B2 ...... (1)

Where B is the biomass at time t,

r = intrinsic rate of increase in stock

K = maximum population size or the car-
rying capacity

In the case of exploitation, we have

DB/dt = rB - (r/K)B2 - C ............(2)

= rB - (r/K)B2 - FB .........(3)

where, C is the catch and F, the fishing
mortality. It is assumed that F is propor-
tional to fishing effort (f) and so that

F = q.f where q is the catchability coeffi-
cient

Under equilibrium conditions where
dB/dt = 0, we have

U = C/f = a-b.f ......(4)

Where U is the catch per unit effort
(CPUE); a and b are constants.

In practice, this equation is basic to
assessment of exploited fish stocks. From
this the MSY and fMSY are estimated as
a2/4b and a/2b respectively. This model
does not give information of r, K, q and
the biomass at different periods of time.
The problems associated with the use of
equilibrium methods are discussed by
various workers (Sissenwine, 1978;
Butterworth and Andrew, 1984; Roff and
Fairbairn, 1980; Polachek et.al. op.cit.).
In this paper we deal only with the non-
equilibrium version both in the continu-
ous and discrete forms. It is well known
that the exploited stocks are affected not
only by the fishery dependent factors but
also by the fishery independent factors.
Fisheries data are often noisy because of
the effect of biophysical factors on the
stocks and sampling errors in the obser-
vation of catch or CPUE. The equilibrium
form is not dynamic and does not allow
for the environmental variations and
thus assumed to be free from noise. It is
also known that equilibrium conditions
are rarely met in practice. Thus we have
considered only the non-equilibrium case.
To take into account the uncertainties,
stochastic errors are introduced in the
process and observation equations. Esti-
mators of the parameters are obtained
on the basis of either process error or the
observation error. Process error estima-
tors assume that the catch (or the CPUE,
the index of abundance) is measured
without error and that all the error oc-
curs only in the process with which bio-
mass is generated. Observation error es-
timators on the other hand assume that
there is no stochasticity in population
dynamics of fish stocks and the errors are
only due to observation of catch or CPUE.

Polachek et. al., (op.cit.) have inves-
tigated different approaches in estimat-
ing the parameters by taking the error
components separately. They have not in-
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vestigated the behaviour of the estima-
tors in the presence of both types of er-
rors. In this paper such an attempt is
made and the parameters are estimated
using the process error method only. This
would also bring out behaviour of the es-
timators using only one approach,
namely, the process error method, when
the errors due to observation are also
present in the system.

In the presence of stochastic errors
both in the process and observation, the
Schaefer's model in the discrete and con-
tinuous form will be as follows.

In the discrete form we have,

Bt+1 - Bt = rBt - (r/K)Bt
2 - Ct + �t .........(5)

Ct = qftBt + �t .............(6)

Here it is assumed that �t and �t are
independently distributed random vari-
ables with zero means and constant vari-
ances �1

2 and �2
2.

Now, we get,

(Bt+1 - Bt)/Bt = r - (r/K) Bt - qft + �t
..........(7)

(This is obtained by dividing equa-
tion 5 by Bt after replacing Cf by equa-
tion 6 and taking �t = (�t-�t)/Bt.

Since Bt, the stock biomass is not
known the observable proxy for it
namely, Ut the catch per unit effort can
be used to build the equation.

Ut = qft + �'t ..................(8)

Where �'t = �t/ft substituting this in
the above equation and after rearrang-
ing we get

(Ut+1/Ut) = a1 + a2Ut + a3ft + �t
...........(9) � model A

where a1 = (1 + r); a2 = -(r/Kq) and
a3 = -q

and �t = f(Ut, �t, �t)

In the continuous form:

dBt/dt = rBt - (r/K)Bt2 - Ct + �t
............(10)

Ct = qftBt + �t  ..................(11)

Ut = Ct/ft = qBt + �'t ....................(12)

Substituting Ct in the first equation
and integrating over (t, t+1) we get,

Log (Bt+1/Bt) = r-(r/K)Bt - qft + �'t
.............(13)

Where Bt and ft are the average bio-
mass and effort in the interval (t, t+1)

t+1

where �'t = 	 (�t-�t) Btdt

t

Since Bt is unobservable we can ex-
press the above equation in terms of Ut
as follows:

Log (Ut+1/Ut) = b1 + b2Ut + b3ft + pt
....................(14)

Where pt = f (Ut, ft, �t) and b1 = r, b2 =
-r/K; b3 = -q

It may be noted here that MSY =
r.K/4 and fmsy = 0.5.r.q and Ut and ft are
the time averages and can be considered
as the catch per unit effort and the effort
during the year. Since Ut and Ut+1 are the
instantaneous rates they are not usually
observed and hence following the ap-
proximation of Schnute (op.cit.) where Ut
= 
(UtUt+1) and we have

Log(Ut+1/Ut) = b1 + b2(Ut+1 + Ut)/2 +
b3(ft+1 + ft)/2 + pt ......... (15) ��model B

Where pt = (pt+1 + pt)/2

Analytically it may not be possible
to compare these two models and hence
a Monte Carlo bootstrap simulation was
made by first generating a population
series and a catch series with different
error levels for the stock and the catch.
The population was generated using the
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discrete time version of the Schaefer's
model with the following inputs r = 0.45;
K = 1500; q = 0.000254 for error levels �1
= 0, 25, 50, 75, 100 and �2 = 0, 10, 20, 30,
40 with initial value of the stock biomass
B0 = 1000.

To generate the catch, the effort data
was taken from Miyabe (1989). The data
was generated for 36 values of effort. The
data was simulated for all the 25 combi-
nations of the  error terms. The reference
data set is the one with 0 level of error
term. The bootstrap regression as sug-
gested by Wu (1986) was used to estimate
the parameters and the biases. The num-
ber of bootstraps is 1000. The bootstrap
estimates the relative bias in r, K,q, MSY
and fMSY and the estimated coefficient of
variation in r, K and q are given in tables.
The bootstrap relative bias in this case is
given by (x - x0) * 100/x0 where x is the
average bootstrap estimate (mean over
number of bootstrap samples) and x+0+
is the value of the parameter. The coeffi-
cient of variation is computed as boot-

strap standard deviation of the estimate
divided by the bootstrap estimate of the
parameter multiplied by 100.

Results and discussion

The bootstrap estimates of relative
bias in the estimates of parameters r, K,
q (prefixed as 'bias') along with the coef-
ficient of variation (prefixed as 'cv') and
those of the estimates of MSY and fMSY

are presented in Tables 1 to 6.

It can be seen from Table 1 that when
both process and observation errors are
zero, model A estimates with almost zero
bias but not the model B. The reason for
this could be attributed to the fact that
the population simulated was based on
the discrete form of the Schaefer model
and not on the basis of the continuous
form. However, the bias and the relative
variation in the estimates of the param-
eters are not large enough and so it is
assumed that further comparison would
bring out differences in the models. From
the tables of the relative bias in the esti-

TABLE 1. Relative bias in estimates when error in catch equations is 0 (The first row heading
is the error levels in the stock equation)

0 25 50 75 100

A B A B A B A B A B

bias r 0 2.79 42.86 28.68 3.21 -29.35 70.88 -4.54 9.88 -46.99
bias k 0 -12.00 -16.13 -6.20 88.40 175.00 -51.87 46.60 0.07 184.07
bias q 0 4.84 18.36 19.24 -17.56 -7.36 140.20 66.40 18.24 -9.32
cv r 0 3.13 12.54 22.82 30.20 51.25 22.80 43.16 25.38 46.09
cv k 0 3.11 13.75 63.04 141.00 305.23 25.48 390.45 44.90 264.75
cv q 0 2.92 15.04 22.67 46.57 46.76 21.97 39.79 30.51 48.26

TABLE 2. Relative bias in estimates when error in catch equation is 10 (The first row heading
is the error levels in the stock equation)

0 25 50 75 100

A B A B A B A B A B

bias r 182.57 26.06 430.57 307.88 141.04 -16.99 203.06 119.70 118.57 32.83
bias k -56.86 258.66 -78.13 -13.80 -4.70 354.00 -55.00 -24.40 115.20 71.40
bias q 155.50 91.04 441.56 332.04 110.16 -8.40 289.32 249.44 63.84 114.36
cv r 13.03 52.68 28.94 47.24 17.63 61.74 46.79 70.40 25.55 50.82
cv k 34.21 1314.7 41.77 538.75 45.53 634.50 125.15 272.81 505.50 323.38
cv q 29.85 47.05 36.19 49.11 34.92 66.59 54.71 67.20 65.38 51.98
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mates of r, K, q, MSY and fMSY the fol-
lowing observations could be made.

The two models react differently in
the presence of both process and obser-
vation errors.

The coefficient of variation of the
estimates of the parameters obtained
from model A was lower than those from
model B.

At higher levels of the process errors
the model B tends to estimate q with rela-
tively lesser bias than model A.

Both the models overestimated r and
q in most of the cases and in general the
relative bias in these estimates obtained
from model B were lower compared to
that obtained from model A.

The maximum sustainable yield
tended to be overestimated from both the
models and the models under estimated
the optimal effort.

Thus from the point of view of esti-
mating the basic parameters of the pro-
duction model, namely, r, K and q, the
continuous form (model B) of the

TABLE 3. Relative bias in estimates when error in catch equation is 20 (The first row heading
is the error levels in the stock equation)

0 25 50 75 100
A B A B A B A B A B

bias r 536.91 169.46 252.74 5.04 243.51 39.72 554.28 106.20 332.86 123.04
bias k -78.47 44.07 -71.13 443.00 -71.53 57.93 -48.13 74.47 -76.47 -43.47
bias q 699.72 392.80 330.16 55.00 319.84 159.48 828.84 390.32 636.40 375.92
cv r 33.14 53.39 17.16 63.16 16.15 40.86 51.18 81.59 30.91 39.31
cv k 120.12 1033.0 35.88 888.95 40.28 285.18 406.40 657.24 154.39 275.00
cv q 49.44 54.07 30.36 72.31 30.76 58.91 69.70 78.01 40.84 47.11

TABLE 4. Relative bias in estimates when error in catch equation is 30 (The first row heading
is the error levels in the stock equation)

0 25 50 75 100

A B A B A B A B A B

bias r 171.67 5.46 1262.00 131.83 1214.10 212.95 2997.00 448.00 388.38 71.9
bias k 1.07 370.07 -88.07 187.80 -71.67 -48.20 -76.20 116.70 -53.07 193.4
bias q 154.00 48.68 2185.10 564.56 2352.70 674.60 6387.00 1063.00 372.20 211.5
cv r 24.88 71.02 53.49 62.93 56.97 55.29 69.72 61.79 30.16 62.0
cv k 221.83 490.28 154.75 371.34 698.30 187.51 737.53 913.57 393.32 577.6
cv q 64.17 83.56 64.29 64.71 66.94 60.11 77.17 64.22 53.78 68.2

TABLE 5. Relative bias in estimates when error in catch equation is 40 (The first row heading
is the error levels in the stock equation)

0 25 50 75 100

A B A B A B A B A B

bias r 668.77 200.15 431.80 81.43 1100.00 175.89 903.60 176.58 593.10 165.0
bias k -86.50 -28.60 -55.60 61.30 -68.40 55.60 -90.60 -28.20 -23.20 -10.6
bias q 1490.70 570.52 617.44 221.56 2440.00 629.40 228.30 599.00 1125.00 429.3
cv r 43.08 60.97 33.98 53.10 74.13 49.90 32.46 66.31 48.65 48.8
cv k 126.60 349.57 678.55 387.70 380.55 572.45 57.44 259.97 1451.40 381.8
cv q 45.18 58.93 49.03 79.19 81.55 69.14 43.45 75.21 65.10 63.2
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Schaefer's model seems to be better
choice than the discrete form. Although
model A resulted in estimates with lesser
coefficient of variation, because of the
larger magnitudes of the bias in the esti-
mates precludes the choice of the discrete
form.

However, from the management
point of view both models tended to over
estimate MSY and under estimate fMSY.
In this, nevertheless, the discrete form
was observed to outperform the continu-
ous form because in general the bias in
the estimates of MSY and fMSY were lower
for the discrete form. Thus, we have con-
flicting options before us. Production
models tend to estimate some quantities
much more precisely than others. For
most stocks, the marine biological refer-
ence points (MSY, fMSY) are estimated
relatively precisely (Prager, 1994). The
estimates of stock level and fishing mor-
tality are usually estimated less precisely.
This is due to the fact that q (the
catchability coefficient) is imprecisely
estimated. According to Prager (1994) if
a parameterization involving K and r is
used in fitting, the estimates of these
quantities are usually quite imprecise.

However, since they are correlated the
corresponding estimates of MSY and the
optimum effort can none the less be quite
precise. These observations seem to be
in good agreement with the results ob-
tained in the case of both the models used.
Ludwig (1980) pointed out that if random
fluctuations are taken into consideration,
the assessment of management strate-
gies was more complicated. While exam-
ining the alternative harvesting strate-
gies for three laws of population dynam-
ics, namely, Beverton and Holt, the lo-
gistic model and the Pella-Tomlinson
model, also found out that the results of
the harvesting strategies changes with
the noise level in the population and also
depended on the type of the model used.
The results of Ludwig and Walters (1989)
and Polacheck et.al. (1993) are not di-
rectly comparable with the present find-
ings as they have considered different
manifestations of the surplus production
models. It is worth noting that the con-
clusions on the effect of process errors and
observation errors are, in general, in close
agreement with the earlier similar stud-
ies. This study mainly attempted to
evaluate the performance of the continu-

TABLE 6. Table showing the relative bias in MSY and fMSY

0 25 50 75 100
A B A B A B A B A B

Error in catch = 0
MSY 0 -1.62 19.81 20.71 94.44 94.38 -17.75 39.94 9.96 50.77
fMSY 0 -2.65 20.70 7.92 25.19 -23.74 -28.84 -42.62 -7.07 -41.46
Error in catch = 10
MSY 21.70 352.15 16.02 251.59 27.74 277.54 34.96 65.95 380.12 127.68
fMSY 10.59 -34.01 3.72 -5.58 14.68 -9.37 -22.16 -37.13 33.65 -38.03
Error in catch = 20
MSY 37.14 288.20 1.59 471.19 -2.21 120.67 239.55 259.82 1.87 26.09
fMSY -20.36 -45.32 -18.00 -32.23 -16.99 -46.15 -58.56 -57.74 -41.22 -53.14
Error in catch = 30
MSY 174.57 395.72 62.53 567.06 272.23 62.08 638.77 1087.3 129.26 404.41
fMSY 6.96 -28.74 -40.40 -65.12 -46.41 -59.60 -52.15 -52.92 3.46 -44.83
Error in catch = 40
MSY 4.04 114.31 136.12 313.64 3401.2 329.10 -5.28 98.58 431.14 136.79
fMSY -51.66 -55.07 -25.87 -43.58 -54.69 -62.18 -57.72 -60.43 -43.44 -49.80
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ous and discrete forms of the Schaefer's
model as given by Schnute (1977) and
recommends, in general, the use of the
continuous form for estimation of r, K and
q. But from the management point of
view the discrete form would be the bet-
ter choice.

In conclusion, it may be mentioned
that the ability to choose between differ-
ent formulations may be driven by the
conflicting interests. In this context it
may be noted that the models based on
simple equations without complete bio-
logical interoperation such as the model
proposed by Galto and Rinaldi (op.cit.),
the relative response model of Alagaraja
(1984), Roff (1983) and Srinath (1992)
may be quite useful in describing the fish-
ery much more accurately and realisti-
cally for a given data set.
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